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DYNAMIC METHOD OF MEASURING HEAT FLUXES
BY BATTERY HEAT FLOWMETERS USING A KALMAN FILTER

A. 8. Gol'tsov, D. F. Simbirskii, UDC 536.629.7
and S. V., Kudryashov

A method is developed for the accelerated determination of stationary heat fluxes by battery
heat flowmeters in the dynamic measurement mode.

Serially manufactured battery heat flowmeters [1], which are favorably distinguished by the simplicity of
construction, the easeoffabrication, and the high response to the flux being measured, are used extensi-
vely in the practice of heat-flux measurement.

However, the thermal inertia of these heat flowmeters incertaincases of practical importance will either
distort the results being obtained or increase substantially the total time for performing the experiment. From
this viewpoint, methods of improving the dynamical characteristics of heat flowmeters, which are realized during
subsequent processing of direct measurement, results by solving the inverse problem of heat conduction which
occurs, are of indubitable interest. In particular, the problem of computing their values at the initial sections
of the transient characteristic of the heat flowmeter canbe posedinthe measurement of stationary heat fluxes.

The solution of such a problem is described in [2] for the case of measuring the radiant heat flux by using
a calorimetric heat flowmeter. The sensor of such aheat flowmeter is a single capacitance link whose dynamics is
described by an ordinary differential equation. The magnitude of the heat flux was hence determined success~
fully by using the familiar Kalman-filter algorithm [3,4]. However, direct application of aKalman filter to the
problem of measuring a stationary heat flux by battery heat flowmeters is impossible since their dynamics is de-
scribed bythe partial differential equation of heat conduction. At the same time, the Kalman filter is intended
for an optimal estimation (in the sense of the root-mean~square deviation) of the state variables of dynamical
systems with lumped parameters.

The algorithm of the Kalman filter is distinguished by its simplicity, is quite adaptable for realization
on an electronic computer, takes account of the presence of random errors in the measurements, and pro-
cesses information recurrently as it comes in. It can be applied to both linear and nonlinear dynamical sys-
tems. Moreover, utilization of the Kalman filter in the problem of determining the heat flux permits perfor-
mance of a practical investigation of questions of the uniqueness and accuracy of the results obtained [2], which
is especially important since the inverse heat-conduction problem to be solved is hence incorrectly posed. -

In order to apply the Kalman filter to the problem of measuring heat fluxes by battery heat flowmeters, an
approximate heat-meter model is proposed in this paper which is described by a system of ordinary differen-
tial equations and is obtained by the method of lines [5, 6].

In forming the mathematical model, the sensor of the heat flowmeter was considered as afinite rod, heat
insulated along the side surface, and executed as a whole with a galvanic copper— Constantan differential ther-
mal battery [1]. Some junctions of the thermal battery are brought out on the endface surface of the sensor
which is fastened to the housing and whose temperature is measured by using a Chromel—Alumel thermo-
couple, Other junctions are disposed on a plane removed a distance B = 0.2+10~% m from the detecting surface
of the sensor.
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Because of the use of effective cooling, the sensor temperature during the measurements ordinarily
varies within a narrow band [1]. It can hence be assumed that the thermophysical characteristics of the sen-
sor material are independent of the temperature and the characteristics of the thermocouples being used are
linear.

Under the assumptions made above, the heat-transfer process in the sensor bulk is described by the
linear equation of heat conduction

5;=aaﬂ,0<t<tm0<x<l (1)
with the boundary conditions
T, x)=0, 0<x<I, @)
A0 o<, @)
Ox
o T(t, ) =V (1) +e(1), @)

where V(1) is the output signal of the Chromel—Alumel thermocouple.

The thermal-battery output is related to the temperature of the sites of its junctions as follows:

W(t) = op(T(x, B)—T(u. ) (5)

By using the method of lines [5, 6], Egqs. (1)-(5) can be approximated by the system of ordinary
differential equations

{ = ':—2 (fiog + L —20), (6)

. a a
fo= oy (aa t; —2t,)— i W (1)

with the initial conditions
0)=0, i=12,...,n N

In deriving (6) it was taken into account that (4) can be written in the form
V(1) = al; — =+ W(x) + e (2), ®)
&y

where tj =T, B).

Let us linearize (8) at the time 7 with respect to an estimate of the heat flux qy_, obtained at the pre-
ceding estimation step:

@,

Y(m) =V (1) + W (t) =ot; (T, G y) + @Uj(T0) (9 —G 5_y)- 9)

The response of the temperature to the heat flux is determined from the solution of the response differ-
ential equations

. 2a 2
Ul = hz (UZ - Ul) + E y
U, = hi U, —2U; = U, (10)
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..............

- a
Un = 72" (Un—1+Ui—_2Un)

with the initial conditions

U (0)=0, i=1,2,... n. {11)
1t follows from the condition of stationarity of the heat flux that
7 (Thsr) = 4 (33)- 12)

Therefore, 6), (7), (9), (10), (11), and (12) will describe the mathematical model ofthe heat flowmeter
under consideration.

We determine the magnitude of the unknown heat flux by minimizing the following quadratic quality func-
tion [4]:

N
A 2
() = O (Y (1) — o 45 (1, I
)

Under the assumptions made above, the value a which yields the minimum of the quality function &(g)
and later called the optimal estimate of the heat flux q, can be obtained by means of the algorithm

‘}(Thu) 'f“i("k) + ,% Py Uj (v [V("ful)

+a Wmm—%tqum»] (13)
2P
Ppyy= —0 "k
k41 o+ o Uj (Tk) Pk’ (14)

whose detailed derivation is presented in [4] in the more general case.

The U;(r) in (13) and (14) is determined as a result of solving the system (10}, (11) while t (T, q(Tk))
evaluated at each step of the estimation by means of (6) and (7) for q = q('rk)

The estimation algorithm obtained for the heat flux is a modification of the discrete Kalman-filter al-
gorithm [3, 4] and differs from this latter by the fact that instead of estimating the state vector of dimension-
ality (n + 1) and solving the Riccati matrix equation, scalar quantities are used in (13) and (14) to calculate
the variance.

An initial estimate of the heat flux §(0) by considering it as a random variable, as well as the variance
P, of this estimate, mustbe given in order to evaluate the heat flux by means of (13) and (14).

In a practical realization of the algorithm (13), (14), (6), (7), (10), and (11) the number of nodes of the
difference mesh n in (6) and (10) must be selected after analyzing the influence of errors of the method of
lines on the accuracy in determining the heat flux. The analysis can be performed by the method elucidated
in [8]. The error in finding the optimal estimates of the heat flux related to the errors in the method of lines
can be calculated by means of the equation

M:

N

U, (t) A (
'y 4 (ta) 4i (7, 0)

i

{15)

/]

k=l Ui (Tx)

I!

where Uj (1) are the sensitivity functions determined by means of (10) and (11).

The errors of the method of lines Aj(r, xj) can be found as follows. The dependence of the temperature
on the space coordinate in the section 0 =< xj =< h is approximated in the method of lines by a truncated Taylor
series [6] which has the following form after replacement of the partial derivatives by their difference analogs:
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T(x, xl)ztl—_l__qx1+ tz—t;+ _}f_q x_%+Ait,x)
A _ A oo Y
. . (16)
T(r, x) =t + (tin — i) 2—1}1 + (244t % + A (T, %)

After substituting the right sides of (16) into (1)-(5) and performing appropriate manipulations with (6)
taken into account for the errors in the method of lines, the following system of partial differential equations
can be obtained:

aA1 aZAl 50 5
=a 3t —41t, 4 t3)—
o o Tem GhTihTH T
dA, *A, a i
=a 26, — 114, 4 14, —5¢ :
ot o o GhT AT ML =S e
aA, ®2A a
a‘r = aq ax?! + ]2h2 (tl_2+2ti_1_—l2ti+ 14ti+1_5ti+2)y (17)
aAn 1 aZA 1 a
L tha+2t, ,—12¢ 4f — —1
e PO + o (ti—at2t, ,—12¢t, ,+14¢,—55¢;+a5! W(T),
A .
94, _ &4 a (tn_2+2t"—l_7tn+4tj"'4a2—lW)——l—Za2_lW

at  oxX  12m

with the boundary conditions

AR =0, i= 1,2, n, 2020 _
0x,

......................

Ay (%, h) = By(x, 0), "Ax;f’ ) _ 08(x, 0)
X1 0x,

1
+ (3t1——4tz+ts)—Tq,

LS

h

BT, B) _ 9Ain(® 0)
ax«z ax“_l

A‘ (Tv h) = Ai+1 (T’ 0)'

1
+ — (ti.-l - ti - tl+l + ti+z)- (18)

0A, (v, h)  0A,(7, 0)
0%, _4 0x,

A, (A=A, (t, 0),

1
+ E’ (tn_z- tn-l - tn + GQ—IW)’

A (v, k) =0.

Using the differential-difference approximation (17) and (18) were solved by the method of lines jointly
with (1)-{) by the Runge—Kutta method for different n and the values g =1 and W = 0. The values of the
relative error of the method of lines obtained here were used to calculate their corresponding relative errors
of the optimal heat-flux estimates by means of (15). Results of the calculations are presented in Fig. 1 as a
function of the dimensionless time Fo =ar/i%forn =3 and n = 5. It follows from the figure that the magnitude
of the relative error in determining the heat flux diminishes with time and with an increase in the number of
approximation nodes. For Fo = 0.2 it hence becomes less than 5% in the case n = 5.

The algorithm obtained above was used for a practical determination of the stationary heat flux by using
a battery heat flowmeter characterized by the following parameters [11:
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Fig. 1 ’ Fig. 2
Fig. 1. Relative error of the optimal heat- ﬂux estimates as a function of the number of
approximation nodes (6q, Fo): 1) n=5, 2) n = 3.

Fig. 2. Dependence of the heat-flowmeter output signals onthe measurementtime: 1)output
signal of the thermal battery (e, V; 7, sec); 2) output sighal of the Chromel-—Alumel ther-
mocouple (v, V; 7, sec).

I=12.10"*m; g = 021106 mtsec™!, @, — 3.2.1075 V- °K;
= 0,0515 V-°K.

The heat-flowmeter output signals, inscribedonaloop oscilloscope, are presented in Fig. 2.

It has been established as a result of the measurements that the time constant ofthe heat flowmeter under
consideration is 7, ¢ = 3.5 sec, while the time of its emergence in the steady-state mode is greater than 40
secC,

Since the Fo = 0,02 in the case under consideration corresponds to the real time 7 = 1 sec, then it follows
from Fig. 1 that to assure an error in determining the heat flux (associated with the error in the method of
lines) of less than 5%, the number of approximation nodes in (6) and (10) can be taken equal to 5. Hence j =2
in (6), (1), (13), and (14).

The heat flux was evaluated by means of {13), (14), (6}, (7), (10), and (11) for the given initial estimates:
q(0) =1000; 1200 and 1500 W/m? with the variance P, =10' W2/m~%. The variance of the measurement of the
quantity o = 9-10~1° V2, The calculations were performed recurrently as the measurements taken discretely
off from the oscillogram with the time spacing At = 0.5 sec came in.

The results of calculating the heat-flux estimates are presented in Fig. 3. As follows from the figure,
the optimal estimation procedure is stable and convergent. The final value of the magnitude of the heat flux
was 1130 W/m?. This quantity was indeed taken as the true value of the desired heat flux.

In addition, the confidence range of the estimates obtained, evaluated by means of the equation [4]

Ag,=+3VP, (19}
with probability 0.99, is presented in Fig. 3.

The heat flux in the steady-state mode was measured by using the calibration characteristics of the heat
flowmeter inorderto estlmate the accuracy of the results obtained. The magnitude ofthe heat flux hence obt ained,
which equals 1250 W/m?, ispresented in Fig, 3, from which it is seen that it lies within the confidence range
calculated by means of (19)

It is seen from Fig. 3 that the value of the heat flux which differs by not more than 3% from the final
estimate (equal to 1130 W/m?) has been obtained durmg processing the results of measurements performed
during the first 3 sec after the beginning of the experiment.
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900 — tion characteristics ofthe heat flowmeter;3)
[ /,/ confidence range of the heat-flux estimates.
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Therefore, by using the mathematical apparatus of the theory of sensitivity functions, a method has been
developed for recurrent determination of the heat flux in the dynamical mode of measurements of a battery heat
flowmeter, which is a modification of the Kalman-filter algorithm of minimal dimensionality.

A method has been developed for the practical determination of errors of the method of lines, which is
used in composing the mathematical model of the heat flowmeter, and an analysis is also performed onthe influ~
ence of these errors on the accuracy of obtaining finite results. '

The ﬁse of the developed dynamic method in the problem of a practical measurement of the heat flux
permitted the diminution of the actual inertia of the heat flowmeter used by morethantenfold. The results hence
obtained agree well with the magnitude of the heat flux obtained by direct measurement in the steady-state mode.

NOTATION

T, £y, temperature; x space coordinate; T, time; I, sensor length; g, specific heat flux; A, coefficient
of thermal conductivity; ¢, specific heat; p, density; @, coefficient of thermal diffusivity; a, thermoelectric
coefficient of the galvanic copper—Constantan thermal battery; «,, thermoelectric coefficient of the Chromel—
Alumel thermocouple; €, error in temperature measurement; P, variance of the heat-flux estimate; A(r, x),
error in determining the temperature field by the method of lines; Uj(r), temperature response to the heat flux
being measured; h = [/n, space quantization step in the method of lines.
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